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p¦ deV¦¯wBb(Y7p3yhZG  mZywBzzpBjyckfhRdp/w,u,pBYxZGjedeÆW Lw¦½¦ VhkmzVkmb(pBfZWpOdeVZ¯bekYxh mZbed( Lw¦#b"zG LwBbbekmzwO  a
gbZyª¸pBj deVhkmbWxhghjexpbZ©°UWVZ,wOjekLwOh mZ
B
¦ VhkmzV¡bedwOfyhbW¸pBj deghY7pBghj#zZG  AxpBxhgh LwOdekmpBff9ghYZGjºDbZZ,Zl9gwOdekmpBfb
ZG mp¦t¾kmb¯kfJdeVhkmbWY7p9yhZG pBghfyªdpZGZGf9degwO  ajZwBzV¨wxh LwOdZwOg
Bmax
½hwTDdZGj wOfJkfhkdekLwO KZ:£cxpBfZGf9dekLwO Kjp¦ deVA½
¸pB  mp¦ kfhÈwOfÇ_n³§beVwOxZyzGghjeZ© UWVZwBzzGghjwBzGa®pOdeVZu,pBYxZGjedeÆÀY7p9yhZG /¸pBjdeghY7pBghjjp<¦ deVÌVwBbpO1dZGf
ZZGf»l9gZbedekmpBfZyK½ hghdwO mbpqÂgbedek´ËZy»pBfÈjZ:ËfZy»Y7p9yhZG  kfhCjpBghfyhbº1gbekfh±l9ghkmZbzZGfndwOfy­xhjpB k´¸ZGjwOdekZ
beghhxpBxhgh LwOdekmpBfb°kfbkmyhZWdeVZWdeghY7pBghj¿¾nkd(kmb(ZGfZGjwO  a7wBzzZGxhdZy¢wOd" mZwBbed°wBbwËjbed"kf9dZGfndekmpBfbkYxh mZWY7p9yhZG  kfh
wOxhxhjpwBzV¨¸pBj deVhkmb xhghjexpbZ½wOfyJ¦ZyhZzGkmyhZy¥dpgbZRkd kfdeVhkmbtbZGfbZ©
' -4  !  c ) Ð 	«c%$1 	 Ô Õ Ð  Ô  ) Ð 
	 Ô ·7 Ð   5°Ô65  1c%$ Ô #
UWVZWY¢wOdeVZGY¢wOdekmzwO Y7p3yhZG 3DpBj(deVZWdeghY7pBghj°zZG  cxpBxhgh LwOdekmpBf
B(t)
wOd(dekY7Z
t
zpBfbkmbedb'kf¢wtbZGd'pOdeVhjZZ zpBghxh mZy
yck´¹KZGjZGfndekLwO 'ZlngwOdekmpBfb8/
dP
dt
= −λP +
i(t)
Vdist
Φ(t)
º,}¾
dD
dt
= −νD + ξDP
º,80¾
dB
dt
= −aB ln(
B
Bmax
) − g(D, t)B
º,<¾
¦ VZGjZ#Zl9gwOdekmpBf¨º,}n¾·kmb(deVZ bwOY7Z#wBb#º,<¾G½
D
bedwOfyhb(¸pBj(ycjeghzpBfzZGf9dejwOdekmpBfÀº¸wBbbeghY7Zydp/ZWVpBY7pBZGfZpBgbe a
yck´¹gbZy¾kfdeVZWdeghY7pBghjwOfy
B
kmb(deVZWfnghYZGjpOdeghY7pBghjzZG  mb© hghfzGdekmpBf
g
½n¦ VhkmzV7jZGxhjZbZGfndbwOf9dek´³µdeghY7pBghj
ycjegh7Z:¤¢zwBzGa½hkmb#wBbbeghY7Zyº¸wBbWkmbWDghfzGdekmpBf
f
¸pBj dp£ckmzGkd§a¾¯dpxhjZbZGfndzGkjzwByckLwOf¨BwOjekLwOdekmpBfb ¦ kdeVxZGjekmp3y
TB

kd#kmb#kZGf¥na /
g(D, t) = H
(
1 + cos(2π
t − ϕB
TB
)
)
DγB
DγB50 + D
γB
¦ VZGjZ
λ, ν, ξD, a, Bmax,H, ϕB , γB , D50
wOjZRxpbekdekZRzpBfbedwOf9db©
²fhkdekLwO ·zpBfyckdekmpBfb,wOd dekY7Z
t0
ZZGfkZGf¸pBj
XB(t) = (P (t), D(t), B(t))
½wOfy¨wxhkmZzZG¦ kmbZzpBfndekf9gpBgb
kfcDgbekmpBfxhjpOË mZ
i(t)
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pBgb<½·xhkmZzZG¦ kmbZ
C1
½·bpB ghdekmpBfÀ¸pBj
t ∈
[t0, tf ]
¸pBjwOfna
tf > t0
©°]¡pBjZp<ZGj8/
i ∈ L2([t0, tf ]) −→ B ∈ H
3([t0, tf ])
kmb#wzpBfndekf9gpBg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pBgb½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B(t)
ZGkfh7w
C2
½cxhkmZzZG¦ kmbZ
C3
½91ghfzGdekmpBf
pO¯dekY7Z©UWV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b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ZpBfZ¸pBj
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,<¾kmbwª kfZwOjZlngwOdekmpBf
¸pBj deV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 ZGdgb#yhZ:ËfZ½h¸pBj
η ∈ [t0, tf ]
½w1ghfzGdekmpBf
F̃B
pO'deVZRycjegh¢kfc1gbekmpBf¨ Lw¦$9a /
F̃B(i, η) = B(η).
¶Z¢9fp<¦¼deVwOd
FB
kmbwzpBfndekf9gpBgb½(¦ZwO3 azpBfndekf9gpBgb½"yck´¹KZGjZGfndekLwOh mZ1ghfzGdekmpBfCpO
i ∈ L2([t0, tf ])
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b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∇iF̃B
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F̃B
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L2([t0, tf ])

 .
∇iF̃B =



Φ(t)
Vdist
Pb1(t) ∀t ∈ [t0, η]
0 ∀t > η
  
Pb1
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t0 ≤ t ≤ η
.
dPb1
dt
= λPb1 − ξDPb2
º,82¾
dPb2
dt
= νPb2 + Pb3B
∂g
∂D
(D, t)
º,83¾
dPb3
dt
= Pb3
(
a ln(
B
Bmax
) + a − g(D, t)
) º¸¾
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η
.
Pb1(η) = Pb2(η) = 0

: 
Pb3(η) = 1.
s/bRkd,VwBbRZZGfyhpBfZDpBj
F̃A
½deVZxhjp9pOWpO¯deVZ mZGYY¢wJzwOf«ZpBhdwOkfZy9a¡Y7ZGjZkmyhZGf9dek´ËzwOdekmpBfA© pBj
wOf9a
di ∈ L2([t0, tf ])
/
∂F̃B
∂i
.di = B̄(η) =
∫ tf
t0
∇iF̃B(τ) di(τ) dτ
¦ VZGjZ
B̄ =
∂B
∂i
.di
½deVZ¢yck´¹KZGjZGfndekLwO WpO
B
¦ VhkdeV±jZbexZzGddp
i
wOxhxh kmZy±dp
di
½·kmbpBhdwOkfZy«9aÀbpB 9kfh¡deVZ
¸pB  mp¦ kfh kfZwOj#dwOfhZGfnd/bea3bdZGY¥½hyhZ:ËfZyJDpBj
t ≥ t0
/
dP̄
dt
= −λP̄ +
di(t)
Vdist
Φ(t)
º¸,<¾
dD̄
dt
= −νD̄ + ξDP̄
º¸¾
dB̄
dt
= −aB̄ ln(
B
Bmax
) − aB̄ − g(D, t)B̄ −
∂g
∂D
(D, t)D̄B
º¸¾
¦ kdeV¥wOfhkmbeVhkfh7kfhkdekLwO zpBfyckdekmpBfb/wOd
t = t0
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[/p¦ÇzpBfbkmyhZGj#deVZpBcqeZzGdekZ,1ghfzGdekmpBf=/
JB(i) = max
t∈[t1 ,tf ]
B(t),
¦ VZGjZ
t1
kmbwªkZGf±dekY7Z7wT1dZGjdeVZ7kfhkdekLwO °xhVwBbZ7pOWdeVZdejZwOdeY7ZGfnd©¢¶Z3fp¦ deVwOd
JB
kmbwzpBfndekf9gpBgb½
¦¯ZwO9 a¨zpBf9dekfngpBgb½jZwO DghfzGdekmpBf¬pO
i ∈ L2([t0, tf ])
©tUWVZ¸pB  mp¦ kfhªdeVZpBjZGY
dZG  mbgbtdeVwOd/kf¡Y7pbed/zwBbZb
deVZRjwByckmZGf9dtpO
JB
Z:£ckmbedbwOfy¥zwOfZRzpBYxhghdZy¥g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∇iJB
	 :  
/0.
∇iJB(i)(t) =
{
∇iF̃B(i, tB)(t) ∀t ∈ [t0, tB ]
0 ∀t > tB
UWVZRxhjp3pO"pO'deVZ,deVZpBjZGY kmbbekYk LwOj#dpdeVZRpBfZ,¸pBj deVZ,9k  k·xpBxhgh LwOdekmpBf¡wOfyJjZG kmZbtpBfdeVZyck´¹KZGjZGfndekLwOdekmpBf
zVwOkf¨jegh mZwBb
JB(i) = F̃B(i, tB)
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 ZGd¯gb¯zpBfbekmyhZGjdeVZtxhjpBh mZGY pOKËfyckfhdeVZ#kfcDgbekmpBf Lw¦® mZwByckfhdpdeVZtbeY¢wO  mZbd½3wOfy¢xpbbkh awOfhkmbeVhkfh½
deghY7pBghjRxpBxhgh LwOdekmpBf¦ Vhk mZxhjZbZGje3kfhwYkfhkY¢wO "3k  k(xpBxhgh LwOdekmpBfA©]¬wOdeVZGY¢wOdekmzwO  a¬deVhkmbRzwOfÀZ¦ jekdedZGf=/
ËfydeVZkfc1gbekmpBf Lw¦
i ∈ L2([t0, tf ])
½
i(t) ≥ 0
½cdeVwOd#YkfhkYkmbZbdeVZpBcqÂZzGdekZR1ghfzGdekmpBf=/
GB(i) = min
t∈[t0 ,tf ]
B(t)
beghcqeZzGd#dpdeVZzpBfbdejwOkfnd
FA(i) = τA − min
t∈[t0,tf ]
A(t)
Aeq
≤ 0.
s/b
FA
kmbW¦¯ZwO9 azpBfndekf9gpBgb½deVZZGfbZGYh mZpO"wBycYkmbbkh mZbpB ghdekmpBfb
U =
{
i ∈ L2([t0, tf ]) | i ≥ 0 , FA ≤ 0
}
kmb¦ZwO3 a«zG mpbZy±kf
L2([t0, tf ])
wBbdeV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b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/
∇tiFA(i, ti) =





−
Ǎ(tA)
Aeq
k´
ti < tA
0
k´(fpBd
¦ kdeV
A(tA) = min
[t0,tf ]
A(t)
½wOfy
Ǎ
kZGf¨naªdeVZR kfZwOj#dwOfhZGfnd/beacbedZGY¥½hyhZ:ËfZyJ¸pBj
t ≥ ti
/
dP̌
dt
= −λP̌ +
i(t)
Vdist
δ(t − ti)
º¸O~9¾
dČ
dt
= −µČ + ξC P̌
º¸}¾
dŽ
dt
= {−α − f(C, t)} Ž −
∂f
∂C
(C, t) Č Z − βǍ
º¸0¾
dǍ
dt
= Ž
º¸¾
 ×EhòGóGñ
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: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¦ VZGjZ
δ(t)
kmb deVZ/kjwBz/1ghfzGdekmpBfÀwOd#pBjekkf¡wOfy¦ kdeV¥wOfhkmbeVhkfh7kfhkdekLwO zpBfyckdekmpBfbtwOd
t = ti
©
stfyJ¸pBj
GB(i, ti) = min
t∈[t0,tf ]
B(t)
/
∇tiGB(i, ti) =
{
B̌(tB)
k´
ti < tB
0
k´'fpBd
¦ kdeV
B(tB) = min[t0,tf ] B(t)
½wOfy
B̌
kZGf¨naªdeVZR kfZwOj#dwOfhZGfnd/beacbedZGY¥½hyhZ:ËfZy¸pBj
t ≥ ti
/
dP̌
dt
= −λP̌ +
i(t)
Vdist
δ(t − ti)
º¸2¾
dĎ
dt
= −νĎ + ξDP̌
º¸3¾
dB̌
dt
= −aB̌ ln(
B
Bmax
) − aB̌ − g(D, t)B̌ −
∂g
∂D
(D, t)ĎB
º¾
¦ kdeV¥wOfhkmbeVhkfh7kfhkdekLwO zpBfyckdekmpBfb/wOd
t = ti
©
   
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!,ª!(¿
!"
¶Z°zpBfycgzGdZybZGZGjwO f9ghY7ZGjekmzwO 9Z:£cxZGjekY7ZGf9dbA¸pBjKpBdeVdeVZ°zpBfndwOkfhY7ZGf9d°wOfyZGjwByckmzwOdekmpBfxhjpBh mZGY7b©(UWVZbZ
Z:£cxZGjekY7ZGf9dbgbZyJdeVZ,DpB  mp<¦ kfh¢ywOdw/
 pBjycjeghkfcDgbekmpBf=/
λ = 6
V −1  Vdist =10 zGY 3 ºDyckmbedejekhghdekmpBf¡pB ghY7Z,¸pBj#p£wO kxh LwOdekf¨kf¡wY7pBgbZ<¾:©
 pBj#deVZ,3k  kAxpBxhgh LwOdekmpBf=/
µ = 0.015
V −1 ½ ξC = 1 V −1 ½ Aeq = 106 zZG  mb<½ Zeq = 16500 zZG  mb +TV·½ α = 0.0153 V −1 ½ β  = 0.002 V −2 ½
γ = βAeq+αZeq = 2213.8
zZG  mb +TV·½
F = 0.5
V −1 ½ ϕA = 10 VA½ TA = 24 VA½ γA = 1 ½ C50 = 10 µ +OzGY 3 ©
 pBj#deVZ,deghY7pBghjtxpBxhgh LwOdekmpBf=/
ν = 0.03
V −1 ½ ξD = 1 V −1 ½ a = 0.015 V −1 ½ Bmax = 5.3 106 zZG  mb½
H = 2
V −1 ½ ϕB = 21 VA½ TB = 24 V·½ γB = 1 ½ D50 = 10 µ +OzGY 3 ©
UWVZbZf9ghY7ZGjekmzwO ywOdwJVwZZZGfyhZycgzZyÀ1jpBY
 LwOpBjwOdpBjeaZ:£3xZGjekY7ZGfndbVp¦¯ZGZGj½'wª LwOjeZ7ghfzZGjedwOkfnd§a
jZGY¢wOkfb¥pBfY7pbedpOdeVZGY¥½deV9gbJdeVZÀpwO ,pOdeVZÀbeghbZl9gZGfndfnghY7ZGjekmzwO jZbegh dbJkmbJpBfh aÈdpCxhjpZdeVZ
¸ZwBbekhk kd§apO"pBghjtwOxhxhjpwBzV¡jwOdeVZGj#deVwOf¥dp7pBhdwOkf¡zG kfhkmzwO AxZGjedekfZGf9djZbegh db<©
st  (deVZZ:£cxZGjekY7ZGfndbRbedwOjed,¦ kdeVÀkfhkdekLwO "zpBfyckdekmpBfb /
P0 = C0 = D0 = 0 µ

/
zGY 3 ½ A0 = 106 zZG  mb , B0 =
106
zZG  mb
, Z0 = 16500
zZG  mb +TV©"UWVZRkfhkdekLwO AdekY7Z
t0
¦WwBb#fp3pBf¡wOfyJdeVZRdekY7ZbedZGx
0.1
VpBghj©
:  2 +')$2<(*>#2(-. <
UWVZjZbgh dbxhjZbZGfndZy­¦ZGjZ¨pBhdwOkfZy­kfÉdeVZJ1jwOY7ZG¦¯pBjeÉpOtdeVZ¥ZGjwByckmzwOdekmpBf»xhjpBh mZGY ¦ VZGfÈpBxhdekYkmbekfh
¦ kdeV¡jZbexZzGdpBdeV¥dp
i
½hdeVZkfBqeZzGdekmpBf¥jwOdZ½wOfy
ti
½deVZkfc1gbekmpBf¨xZGjekmp3yK©UpBZGdeVZGjt¦ kdeV¥deVZzpBfbedejwOkfnd/pO
xhjZbZGje3kfhwkZGf mZGZG 
τA
pO'deVZ,9k  kxpBxhgh LwOdekmpBfA½wzpBfbedejwOkf9d#¦¯wBbwO mbpkYxpbZyJpBfdeVZ,kfbedwOf9dwOfZpBgb
kfcDgbekmpBfÉjwOdZ½fwOY7ZG a
i(t) ≤ 10 µ
+TV·© .(£cxZGjekY7ZGf9db7bedwOjedZyÉ¦ kdeVÈw¡dejZwOdeY7ZGfndªycghjwOdekmpBfÈpOt~<2¬VpBghjb
º
ti − t0 = 2
ywa3b:¾:½wOfydeVZGazpBfnZGjeZy¥dp7wdejZwOdeY7ZGfndtpO°wO Y7pbed VpBghjb<©
'kghjZb ,dp yckmbexh Lwa¨jZbexZzGdekZG a½wBb/w1ghfzGdekmpBfÀpO"dekY7Z½deVZRZbedtkfc1gbekmpBf¨jwOdZ
i(t)
½deVZ3k  k·xpBxc³
gh LwOdekmpBf
A(t)
wOfy¥deVZdeghY7pBghj/zZG  xpBxhgh LwOdekmpBf
B(t)
¸pBjdeVhjZZyck´¹ZGjZGf9dtwO gZbpO"deVZYkfhkY¢wO "wBycYkmbbekh mZ

α = 1
72
ln 3 ç β = (α
2
)2 + ( 2π
144
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DjwBzGdekmpBfpOKdeVZ 3k  kxpBxhgh LwOdekmpBf
τA = 0.4
½
0.5
wOfy
0.6
©Ítf 'kghjZ,n½deVZ#kYxwBzGd¯pOdeVZyck´¹ZGjZGf9dzGkjzwByckLwOf
jeV9a9deVhY7bDpBjdeVZ#3k  kwOfy7deghY7pBghjxpBxhgh LwOdekmpBfb¯kmb°zG mZwOje a7bZZGfªwBb°deVZGakYxpbZwRbedejpBfhzVhjpBfpBY7p3ycgh LwOdekmpBf
pBfJdeVZ/kfc1gbkmpBfªjwOdZ©UWVhkmbkYxwBzGd kmbWZGfhVwOfzZyJ¦ VZGfdeVZ,zpBfbedejwOkf9d#pO·xhjZbZGje3kfhdeVZt3k  kxpBxhgh LwOdekmpBfkmb
bedejpBfhZGj©[tpBdZwO mbpdeVZZ:¹ZzGd#pO(deVZ, kYkdwOdekmpBf¨pO(deVZ,kfbedwOfndwOfZpBgbtkfc1gbkmpBfjwOdZ©°UWVZzVhjpBfpBY7p3ycgh LwT³
dekmpBf¥kmbtwO mbpbZZGf¨pBfdeVZR3k  kKxpBxhgh LwOdekmpBf¨ZGVw3kmpBghjyckmbexh LwaZy¡pBf 'kghjZc©
U'wOh mZ ,¢xhjZbZGf9dbdeVZªZbeddejZwOdeY7ZGfnd7ycghjwOdekmpBf
ti − t0
wOfyCpBcqÂZzGdekZªDghfzGdekmpBf
minB(t)
½'¸pBjdeVZ¢deVhjZZ
Z:£cxZGjekY7ZGf9db©
ºDywacb¿¾ º1VpBghjb¿¾
τA ti − t0 ti − t0 min
t
B(t)
c© ~ ,©1 ,©13 c© ~
c©Ú} ,©1 ,©ê ,,G~
c©10 ,©12 O~ T~
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UWVZdeghY7pBghjxpBxhgh LwOdekmpBfkmbRbedejpBfh a¬jZycgzZy¦ VZGf
τA
yhZzGjZwBbZb½KVp¦¯ZGZGj½·¦ kdeVdeVZywOdwª¦¯ZgbZyK½KdeVZ
zpBYxh mZGdZZGjwByckmzwOdekmpBf¨pO'deVZdeghY7pBghjº
B < 1
¾¦¯pBgh myjZl9ghkjZRdpyckYkfhkmbeV¥deVZ,3k  kKxpBxhgh LwOdekmpBf¡ mp¦¯ZGj#deVwOf
324
pOWdeVZjZ:¸ZGjZGfzZfnghYZGj½¦ VwOdZGZGjdeVZycghjwOdekmpBfCpO¯deVZdejZwOdeY7ZGf9d½'wJ mZGZG "deVwOdkmbRfpBdwBycYkmbbekh mZ
¸pBj,deVZxwOdekmZGf9d©UWV9gb½¸pBj/deVZZ:£cxZGjekY7ZGf9dbRxhjZbZGf9dZyK½·w¢DZG¦)deghY7pBghjzZG  mb,jZGY¢wOkf«wTDdZGj/deVZZGfyÀpOdeVZ
dejZwOdeY7ZGf9dºDbZZ 'kghjZ n¾:½ wOfyK½ ycgZdp«kdb¢Z:£cxpBfZGf9dekLwO tjp<¦ deV»deVZ¨deghY7pBghj¢xpBxhgh LwOdekmpBf»¦ k  µ½W¦ kdeVpBghd
dejZwOdeY7ZGf9d½tjwOxhkmyc a»jZzpZGj¥wOfypZGjedwOZÀkdbªkfhkdekLwO , mZGZG µ© UWVhkmbªkmb¦ V9aÈ¦¯Z¬bdegyckmZyÈdeVZÀzpBfndwOkfhY7ZGf9d
xhjpBh mZGY deVwOd beVpBgh myJZRwOxhxh kmZyJdpzpBfndejpB KdeVZ,deghY7pBghj jp<¦ deV¥¦ VZGfdeVZ,zpBYxh mZGdZZGjwByckmzwOdekmpBf¥kmb pBghd pO
jZwBzVA©
:7  9(*# #2(*. < 
'kghjZb,~Jdp 0xhjZbZGf9d,deVZjZbgh db/DpBj/deVZzpBfndwOkfhY7ZGfndxhjpBh mZGY¦ kdeVw¦¯ZZG9 a¬bzZGfwOjekmpJpO¯wOfÀkfc1gbekmpBf
xZGjekmp9y»pOywacb¸pB  mp¦¯Zy®naÈ}ywa3bªpORjZzpZGjea½twOfy®wOf»wBzzZGxhdwOh mZ¡1jwBzGdekmpBf
τA = 0.5
¸pBj¢deVZ¥3k  k
xpBxhgh LwOdekmpBfA©ÅUWVZzwO mzGgh LwOdekmpBf$¦¯wBbJxZGjÂDpBjeY7ZyÌpBfÇw«ËZ¬¦ZZGcbdekY7ZÀkf9dZGjeBwO µ© 'kghjZÀ~ÉxhjZbZGfndbdeVZ
kfcDgbekmpBf¨ Lw¦½bpBY7ZyhZGdwOk mb/pO°¦ VhkmzVwOjZbeVp<¦ f¬pBf 'kghjZ}c© UWVZkfc1gbekmpBf¡ Lw¦&kmb½wBb/Z:£3xZzGdZyK½bedejpBfh a
zVhjpBfpBY7p9ycgh LwOdZyK½wO mbpkd#ZGpB Zb dp<¦¯wOjy¡wxZGjekmp3yckmz,dejZwOdeY7ZGfnd/wTDdZGj deVZRkfhkdekLwO AyhZzGjZwBbZpOdeVZRdeghY7pBghj©
UWVZdeghY7pBghjWwOfy¢9k  kxpBxhgh LwOdekmpBfA½cyckmbexh LwaZyªpBf 'kghjZ 0c½VwZ,wO mbpRdeVhkmbxZGjekmp9yckmzdZGfyhZGfzGa7ZGfbeghjekfhdeVwOd
deVZ¯dejZwOdeY7ZGfndzwOfZjZGxZwOdZy¦ Vhk mZWzpBfndejpB  kfhdeVZdeghY7pBghj(jp<¦ deVA©"UwOh mZ#txhjZbZGfndb(deVZ¯Zbed(pBcqÂZzGdekZ
DghfzGdekmpBfA½
max B(t)
½wTDdZGjwOfkfhkdekLwO dejZwOdeY7ZGfndxZGjekmp3ypO ywacb½(wOfydeVZYkfhkY¢wO deghY7pBghjxpBxhgh LwOdekmpBf
jZwBzVZyK½¸pBj'kfcDgbekmpBfzGaczG mZ¯Z:£cxZGjekY7ZGfndb°pO,},ywa3b°wOfydeVhjZZ yck´¹KZGjZGfnd"wO gZb(pOdeVZ¯YkfhkY¢wO wBycYkmbbekh mZ
DjwBzGdekmpBf¨pO(deVZR9k  kKxpBxhgh LwOdekmpBf
τA = 0.4
½
0.5
wOfy
0.6
©
τA max
t
B(t) min
t
B(t)
c© ~ 0 ,
c©Ú} ,,83 3
c©10 } }3
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¶®Vhk mZ¢deVZ¢deghY7pBghjxpBxhgh LwOdekmpBf zwOf±Z7hjpBghV9ddpÀwZGjea mp<¦{ mZGZG µ½(ycgZdp¥deVZ¢Z:£cxpBfZGfndekLwO Wjp¦ deV pO
deVZdeghY7pBghj½deVZRY¢wT£ckY¢wO ·f9ghYZGj/pO(deghY7pBghjtzZG  mb½wT1dZGj/wkfhkdekLwO ·xZGjekmp9ypO ywa3b<½hjZGY¢wOkfbtl9ghkdZRVhkVA½
deVpBghV¡ghfyhZGjzpBfndejpB µ©
U'wOh mZ ,zpBjejZbexpBfyhb(dpRZ:£3xZGjekY7ZGfndb"xZGjÂ¸pBjeY7Zykf¢w#¸pBghj"¦ZZGcb°zpBghjbZ½¦ kdeV¢wOfkfc1gbekmpBfzGaczG mZ pOc©Ú},ywa3b
¸pB  mp¦¯Zy±9a~©Ú}¨ywa3bpO jZzpZGjea©)§f«deVhkmbxwOjedekmzGgh LwOjbZGdedekfh½'¦ZJwO mbp¬wBbbZbbZyVZGjZ¢deVZ¢nwOkfCpBhdwOkfZy
9aÉdeVZ¨zVhjpBfpBY7p3ycgh LwOdZybzVZGY7ZÀwBb¢zpBYxwOjZy»dp«wOf®ZlnghkwO mZGfndªzpBfbedwOfndªkfc1gbkmpBf»bzVZGY7Z/¡deVZ¥Zbed
pBcqeZzGdekZRDghfzGdekmpBfA½
maxB(t)
wTDdZGjtw ywa3bkfhkdekLwO AdejZwOdeY7ZGfndtxZGjekmp3yK½ckmb kZGf¸pBj deVZzVhjpBfpBY7p3ycgh LwOdZy
kfcDgbekmpBfC Lw¦ wOfy¸pBjw¡zpBfbedwOf9dkfcDgbekmpBfC Lw¦º¸wOxhxh kmZy ycghjekfh¡deVZJc©Ú}¡ywacbkfcDgbekmpBfCxZGjekmp3yhb¿¾R¦ kdeVÉwOf
kfcDgbekmpBf¥jwOdZZl9gwO KdpdeVZ,Y7ZwOf¨pO(deVZzpBjejZbexpBfyckfhzVhjpBfpBY7p9ycgh LwOdZy¡kfbedwOf9dwOfZpBgbkfcDgbekmpBf !p¦©
 ×EhòGóGñ
,80   
 <B
:Ä	-
:


:´Ä%
τA max
t
B(t) max
t
B(t)
kfc1gbekmpBf zVhjpBfpBY7p9ycgh LwOdZy zpBfbedwOfnd
c© ~ ,82O~n 2}
c©Ú} B} ,30
c©10 O~9B 0B
 
 
     D :>      -
Ä  :Ä 
   Ä(4.      
4BÄ
Ä Ä      
4B  /D: :  
Ä   
:, %! DB
* Ä : GÄ 
:Ä¯Ä
Ä Ä 
ÍtfZbVpBgh myJfpBd#Z,beghjexhjekmbZydeVwOdWDpBj deVZbwOY7ZRzVhjpBfpBY7p3ycgh LwOdZy¨bzVZGY7Z½w¦¯ZZG9 aJzpBfndwOkfhY7ZGf9dtdejZwOdÂ³
Y7ZGf9d¦ kdeV¬wOf¨kfc1gbekmpBf¨xZGjekmp3y¥pO°c©Ú}ywacb# mZwByhbdp¢w mp¦¯ZGjt mZGZG pO(deghY7pBghj/zZG  mb#deVwOf¥deVZbwOY7ZR¦ kdeV¬wOf
kfcDgbekmpBf¨xZGjekmp3y¥pOywacb8/°deVZ mpBfhZGjdeVZjZbed#xZGjekmp9yK½hdeVZVhkVZGjdeVZdeghY7pBghjtzwOf¨jp<¦ÇghxA©¯s dejwByhZ:³§pO¹
VwBbtdpZ,DpBghfy¨ZGd²¦ZZGf¬deVZ mZGfhdeV¬pO(deVZfZzZbbwOjeaJjZbed#xZGjekmp3y¨wOfy¥deVZwBycYkmbbekh mZY¢wT£ckY¢wO · mZGZG ·DpBj
deVZdeghY7pBghj©-hghjedeVZGjeY7pBjZ½cUwOh mZ wO mbpbeVp<¦#b°deVZ fZGdnwOkf¢pBhdwOkfZy79adeVZtzVhjpBfpBY7p3ycgh LwOdekmpBfbedejwOdZGa /
deVZfnghYZGj,pO°deghY7pBghj/zZG  mbtkmbbkfhk´ËzwOfnde a¥jZycgzZy¡¦ VZGf¡deVZdejZwOdeY7ZGfnd,dwOZbtZGfZ:Ëd,pO"deVZzGkjzwByckLwOf
jeV9a9deVhY¥©
  %# 	%#%'#
  #? +@A$?+(*  2":(
²f7deVhkmbxwOxZGj½n¦ZtVwZyhZGdwOk mZyJwOf¢pBxhdekYkmbwOdekmpBfªxhjp3zZycghjZdwO3kfhkf9dpwBzzpBghfndWpBcqeZzGdekZtwOfy¢zpBfbdejwOkfnd
DghfzGdekmpBfb/deVwOd/wOjZpBxhdekYkmbZy¨kfÀwOf
L∞
Y¢wOfhfZGj½KwOfy¥fpBdRwBzzpBjyckfhdpJw7l9gwBycjwOdekmz
L2
½pBj
L1
zGjekdZGjekmpBfA½
wBbtVwBb/wO jZwByca¨ZZGf¬yhpBfZZ:DpBjZkf¨deVZ kdZGjwOdeghjZ©UppBghj/9fp<¦  mZycZ½deVhkmb/wOxhxhjpwBzV¬kmb/pBjekkfwO µ½KwBb/wOjZ
deVZJyck´¹KZGjZGfndekLwOhk kd§a jZbegh dbbedwOdZyCVZGjZ©UWVhkmbwOxhxhjpwBzVÉkmbkf9dZGfyhZy dp¬bdekmzdp¬deVZJwBzGdegwO WzG kfhkmzwO #pBj
Z:£cxZGjekY7ZGf9dwO xhjpBh mZGY¥½cwOfy7kf¢deVhkmb°jZbexZzGdZ:£cdejZGY7Z#wO gZbwOjZpOghxhxZGjeY7pbedkYxpBjedwOfzZ/wBb°deVZGaY¢waZ
µwOdwO K¸pBj#deVZRxwOdekmZGfnd½pBghj
L∞
wOxhxhjpwBzV¬zpBf9dejpB mb#deVZGY ¦ VZGjZwBb
L2
pBj
L1
kfndZGjwOdZy¬zGjekdZGjekLw7yhpBf  d© §d kmb
zG mZwOj/Vp¦¯ZGZGj/deVwOd/pBghjtY¢wOdeVZGY¢wOdekmzwO (Y7p3yhZG ·kmb/bedek  ·dp3p7bekYxh mZwBb#kd/beVpBgh my¡dwOZkfndpJwBzzpBghfndRyck´¹KZGjZGfnd
dp£3kmzGkdekmZbRºDpBdeVZGjdeVwOfªdeVZ#kf9dZbedekfwO µ½cbegzVJwBb°pBfZ#Y¢wOjejp<¦»dp£3kmzGkd²a¢pBjbZGfbpBjeafZGghjpBxwOdeV9a½wBbkmbdeVZzwBbZ
¦ kdeV«p£hwO kxh LwOdekf±kf«zG kfhkmzwO bZGdedekfhb¿¾:©7UWVhkmbR¦¯pBgh my mZwBydpJY7pBjZ7Zl9gwOdekmpBfbwOfyY7pBjZ7zpBfbedejwOkfndb<½·¦ kdeV
xpbbekh mZ¢¦ZGkVndekfhÀ³µ mZ:Dddp¡deVZ¢zG kfhkmzGkLwOfc³RZGd§¦¯ZZGfCdeVZGY¥½(hghdpBghjwOxhxhjpwBzVÉZ:£3dZGfyhbZwBbek adp¡begzV±¸wOj
Y7pBjZzpBYxh kmzwOdZy¬zwBbZb©
hjpBY{deVZwO pBjekdeVhYkmz#xpBkfndpO3kmZG¦½nwO deVpBghV¦ZzwOfhfpBd¯wBbbZGjed°deVwOdpBghjpBxhdekYkmbwOdekmpBfªwO pBjekdeVhY{jZwBzVZb
w mpBwO AYkfhkYghY¥½deVZRYgh dekxh kmzGkd§a¥pO(kdZGjwOdekmpBfbtwOfydeVZRbdpBjekfh¢pOdeVZRZbed bpB ghdekmpBf¡wOd#ZwBzV¥kdZGjwOdekmpBfA½
dpBZGdeVZGj7¦ kdeVÉdeVZJgbZªpO,bpBY7ZJjwOfyhpBY ¦WwO ±dpÀZ:£cxh mpBjZJdeVZJxhVwBbZbexwBzZJkZbgbVhkf9db7pOtkdb7wBzGdegwO 
pBxhdekY¢wO kd²a¨wOfyjpBhgbedefZbb©
7 /+  2@9(  2" +@ (:
UWVZ"Y7p3yhZG ¦¯Z"gbZywByhycjZbbZbAdeVZ°pBxhdekYkmbwOdekmpBfpOhzwOfzZGj·zVZGY7pBdeVZGjwOxnagbekfh xhVwOjeY¢wBzpB3kfZGdekmz:³µxhVwOjeY¢wByca3fwOYkmz
wOfyzGkjzwByckLwOfY7p3yhZG  kfh¦ kdeV¨wdp£ckmzGkd§aJzpBfbedejwOkfnd© §d yhp3ZbfpBdwByhycjZbbWdeVZ,xhjpBh mZGY pO'ycjeghjZbekmbedwOfzZ
wOfykdb(ZGpB ghdekmpBfkfdeghY7pBghj°zZG  3xpBxhgh LwOdekmpBfb<½¦ VhkmzVkmb"wO mbp,wOfkYxpBjedwOfnd" kYkdwOdekmpBfkfzwOfzZGj"zVZGY7pBdeVZGjÂ³
wOx9a½(wOfy«VwBbZZGf±bedegyckmZy«nawOjekmpBgbwOghdeVpBjbwO jZwByca 1,9½ ,c½,§©J[/pBjyhp3ZbkdwByhycjZbbdeVZµwBzGddeVwOd
Y7pbedªwOfndekmzwOfzZGjJycjeghb¡º1hghd7fpBdªp£wO kxh LwOdekfA½WdppBghj73fp¦  mZycZ<¾7wOjZ¥9fp<¦ fÈdpbeVp<¦ÎzZG  tzGaczG mZxhVwBbZ
bexZzGk´ËzGkdekmZb©"UWVZt¸pBjeY7ZGjWbVpBgh my¢ZdwOZGfJkf9dpwBzzpBghf9d naJwOfªZ:£cdZGfbekmpBfpOpBghjWbekYxh mZ/Y7p9yhZG dpbeghhxpBxc³
gh LwOdekmpBfb(¸pBj(deghY7pBghj(jp¦ deVA½nl9ghkmZbzZGf9d½xhjpB k´DZGjwOdekZycjeghB³§bZGfbekdekZ#wOfyxhjpB k´DZGjwOdekZ ycjeghB³µjZbkmbedwOfnd©"UWVZ
 LwOdedZGjkYxh kmZb"DghdeghjZ#Y7p3yhZG  kfhpOKzZG  zGa3zG mZ#xhjpBjZbbekmpBfªwOfywOxpBxhdpbekmb¯wOd°deVZ#dekmbbegZW mZGZG ¸pBj°deghY7pBghjzZG  
xpBxhgh LwOdekmpBfb½¦ kdeV¡zpBghxh kfh7dp mp3zwO AzGkjzwByckLwOf¡zG mp3zcb ³²wzpBghxh kfh¢¦ VhkmzV¥VwBb#ZZGf¥beVp<¦ f¡Z:£cxZGjekY7ZGf9dwO  a
dpZ,ghfhkmyckjZzGdekmpBfwO µ½kµ©ßZ©°zpBfndejpB 'pO(zZG  AxhjpB k´¸ZGjwOdekmpBf¨9adeVZzG mp9z½wOd mZwBbedWDpBj deVZjZGZGfZGjwOdekfh kZGj#kf
YkmzZÚ0½6§©UWVZbZwOxhxhjpwBzVZbRwOjZzpBYxh mZGY7ZGf9dwOjea½KwOfy¡wBzzpBjyckfh¢dp7deVZxwOjedekmzGgh LwOj/deghY7pBghj/wOfy¥ycjegh
kf9pB ZyK½xwOjedekLwO ·pBj#Z:£cdZGfyhZy¥Y7p3yhZG mb#beVpBgh my¥Z,gbZyª¸pBj#zVZGY7pBdeVZGjwOx9a¨pBxhdekYkmbwOdekmpBfA©
1ä6"
  Ä	
Ä
Ä
  cÄ ,<
    (# +#? ')$2<(*>#	 323:;' + +')# ++')$2<(#@
¶Z¢YgbedbedejZbbRdeVwOddeVZ7f9ghY7ZGjekmzwO jZbgh dbxhjZbZGf9dZyCwOjZ¢VhkVh ayhZGxZGfyhZGf9dpBf±deVZ7wO gZbpO#xwOjwOY7Z:³
dZGjbgbZyK½bpBY7Z7pO¯¦ VhkmzV±VwBydpZ7jpbbe aÀZbedekY¢wOdZykf«pBghjywOdwBbZGd³µZbekmyhZb½·deVZ7ywOdwBbZGdbVpBgh myZ
zpBYxh mZGdZG a¨yck´¹KZGjZGfndt¸pBjpBdeVZGjdeghY7pBghjb,wOfy¨pBdeVZGj/zGa9dpBdp£3kmzycjeghbÂ³½bpdeVwOd/wOf9aªZGfZGjwO kmb¿wOdekmpBfÀpO"deVZbZ
jZbegh db,dpzG kfhkmzwO °zpBfzG gbkmpBfbR¦pBgh mywOdRdeVhkmbRbedwOZZzpBYxh mZGdZG a¬VwOÆ<wOjyhpBgb<©ZGd½AwBb/µwOjwBbRZlnghkwO mZGfnd
Y7p3yhZG  kfh¥ZlngwOdekmpBfbwOfyÀdeVZGkj/xwOjwOY7ZGdZGjbY¢wa¡ZkmyhZGfndek´ËZykfÀpBdeVZGjbZGdedekfhb½KdeVZbwOY7ZpBxhdekYkmbwOdekmpBf
xhjp3zZycghjZzpBgh myZRbegzzZbbe1gh  aJwOxhxh kmZyK©
¶ZJ¦ k   fpBdVhkmyhZJdeVwOd¢kmyhZGfndek´Da9kfhzZG  wOfy dekmbbgZJxhVwOjeY¢wBzpB9kfZGdekmzbªwOfy xhVwOjeY¢wBzp9yca3fwOYkmz¨yhpbZ:³
Z:¹KZzGdb¢ºDZGZGfk´deVZbZd²¦p¨wBbxZzGdbwOjZY7ZGjeZydpBZGdeVZGj¿¾tY7ZwOfbwBzl9ghkjekfh3fp¦  mZycZ7pO¯VhkmyhyhZGfY7ZzVwT³
fhkmbeY7b(¦ VhkmzVwOjZ¯fpBd°ZwBbek awBzzZbbekh mZ¯kf7ZGZGjea3ywazG kfhkmzwO hjpBghdekfZ½nwOfydeVhkmb(jZGY¢wOkfb°dp9ywaw/beVpBjedzpBYkfh
pO'deVZY7ZGdeVp3yJxhjpBxpbZy¢VZGjZ©°[/ZGZGjedeVZG mZbb½3¦¯Z,VwZ/jZwBbpBfwOh mZ,VpBxZbdeVwOd begzVywOdwc½cxhjp3kmyhZyJna¢deVZ
yhZGZG mpBxhY7ZGf9d¢pOtY7p3yhZGjef xhVwOjeY¢wBzpB9kfZGdekmzbÂ³µxhVwOjeY¢wBzp3yca3fwOYkmzb¬ºDo(/³§oR¾wOfyCY7pB mZzGgh LwOj7hkmpB mpBa±dZzVc³
fhkml9gZb½h¦ k  KZzpBY7ZRY7pBjZwOfyY7pBjZwwOk LwOh mZkfdeVZRfZ:£cdW1ghdeghjZ©
UWVhkmbkfÉpBghjY7ZwOfhkfhªqÁgbdek´ËZbyhZGZG mpBxhkfhbegzVÉpBxhdekYkmbwOdekmpBfÉY7ZGdeVp3yhb¦ VhkmzV Y¢wOZJkdfZzZbbwOjea«dp
Y7p3yhZG kf9dekY¢wOdZªdekmbbegZY7ZzVwOfhkmbeY7b¸pBjycjeghÀZ:¤¢zwBzGa±wOfy±dp£ckmzGkd§a±Z:¹KZzGdb©¨¶»VpB mZªpBjenwOfhkmbeY Y7p9yhZG  kfh
wOfy­o (/³§o°yhZGZG mpBxhY7ZGfndJzpBgh myÉ mZwBy gbdpgbZpBdeVZGj7pBbZGjeBwOh mZb¢deVwOfÈzZG   xpBxhgh LwOdekmpBfÈfnghYZGjb7³¸DpBj
kfbedwOfzZ½wBbW¸wOjwBbp£wO kxh LwOdekf¥kmb#zpBfzZGjefZyK½xZGjekxhVZGjwO ·bZGfbpBjea¢fZGghjpBxwOdeVnaVwBb#jZzZGfnde aJZZGf¨xhjpBxpbZy
dpRZW kfhZydpRkfbgh db"dpRfngzG mZpB kkffZGjeZ nwOfh kLw"Ú$§½fpBd°Y7ZwBbeghjwOh mZ#9azZG  9k  ZGwO gwOdekmpBfbÂ³½9hghd°begzV
DghdeghjZ½hY7pBjZyhZGdwOk mZyK½Y7p9yhZG mb ¦ k  bedek  KZ, kLwOh mZRDpBj#deVZRpBxhdekYkmb¿wOdekmpBf¨Y7ZGdeVp3y¦ZRxhjZbZGfndZy¥VZGjZ©
'kfwO  a½°pBfZªY¢wafpBdekmzZªdeVwOdkdkZbw¥jwOdekmpBfwO mZ½°fpBdpBfh aDpBjzGkjzwByckLwOf­zVhjpBfpBdeVZGjwOxna deVZpBjZGdekmz
bedegyckmZbW¦ VhkmzVªËjbedY7pBdekwOdZyªkd½3hghd wO mbph½9gbkfhpBxhdekYkmbwOdekmpBfkfªdeVZ/xhjp9ycgzGdWbexwBzZ
L2([t0, tf ])× [t0, tf ]
½
¸pBj/bpO³§zwO  mZy¨kf9dZGfbekZdeVZGjwOxhkmZb<½kf¬¦ VhkmzVÀdeVZbedejZbbtkmbxhghd,pBf¨deVZZbddejZwOdeY7ZGfndzpBghjbZwOfy¡ZGd²¦ZZGf
zpBghjZb#ycghjwOdekmpBfb#Y¢wO9kfhxpbbekh mZRwfZzZbbwOjea¢kfzGjZwBbZ,kfªdeVZ,yhZG kZGjZy¥yhpbZt¦ VZGfzG LwBbbkmzwO KdeVZGjwOxZGghdekmz
bzVZGY7Zb#VwZRµwOk mZyK©
 ×EhòGóGñ
,82   
 <B
:Ä	-
:


:´Ä%
  !"!(!"%'!"
-,stghj½'½AstjefpBfA½'v½·_3zVZzVndZGj½r,©=."¹ZzGdpOWdeVZyhpbekfh¨kf9dZGjeBwO ¯pBf«YaZG mpBdp£ckmzGkd§aCwOfy±beghje3kBwO °kf
YkmzZdejZwOdZy¥naJzGa3dwOjwOhkfZ©  D    
: #2Bsº0T³Á¾/-,2}T³ 3c½,833c©
ÚrWpBghVwOdedwBb½[ts½  iG3kµ½ 
ZGd±wO µ©*?kjzwByckLwOf v#Vna3deVhY`kf¼Up£ckmzGkdekmZbCwOfy UWkmbbegZÉ\xhdwOZÈpO ,½ÚT³
yckLwOYYkfp3zGaczG mpBVZ:£hwOfZº1dejwOfbÂ³,<¾Áp£hwO mpBxh LwOdekf9ghY¡º  e¾tkf¥]¨kmzZ©  
:  
: ~<3/ 0T³ 02c½,8323c©
1rWpBghVwOdedwBb½([/s½*5tZzl9gZGd½r,½ pBghjefhkmZGj½ ?/½Ar¯jeghgZGjpB  mZ½'r,½UAjwOZG mbekµ½s½ArWpBghÆpBghkdwc½ (½'ÍtYjwOfZ½
r,½  iG9kµ½ W© ?¯pBYxwOjwOdekZxhVwOjeY¢wBzpB3kfZGdekmzbRpOp£wO kxh LwOdekf º  ³ÁÍ65/o¾/wOfy¨zwOjepBxh LwOdekfÉº ?¯r¯ ?¯sR¾ kf
YkmzZ¦ kdeV¬jZ:DZGjZGfzZdpªzGkjzwByckLwOfÀyhpbkfhdekY7Z©#    
:  
  3Ä 
:,& 4 :   : DÄ: ,}/ê:0,:³Á:c½
,833O~©
 ~*r¯jekdedpBfA½["¯½¶jekVnd½[ts½]¡ghjejwa½©s Y¢wOdeVZGY¢wOdekmzwO (Y7p3yhZG ·¸pBjzZG  ·xpBxhgh LwOdekmpBfÀ9kfZGdekmzbtkf¨deVZ
kf9dZbedekfZ©    :      32/Ú},:³²}O~ ,½ ,832c©
Ú} ?WwOfwOxh mZ½  ½(wOÆkw¦Wwc½UR½  wOgyhZGd½
	©<UWVZ¯ywacb(wOfyfhkV9db'pOzwOfzZGj(zZG  mb©  
:  8
: 0/êB}O~n}T³
B}}c½c©
10 ? LwOkjwOYwOgh d½½ ? LwOgyhZ½"½ 'k kxbe3kµ½.#½"u/jwOfywc½(UR½  iG9kµ½ W©·Up£ckmzGkdiªZGdZ:¤¢zwBzGkdiªwOf9dekdeghY7pBjwO mZ
yhZ ßp£wO kxh LwOdekfZbeghj ßpbdipbwOjzpBY7ZyhZu/ LwBbep<¦&kfycghkd,zVZGÆ Lw¢bpBghjekmb/¯ghf¨Y7p3yhXG mZY¢wOdeViGY¢wOdekml9gZ©
Ã 
ÄD*- :     *  :,},/Ú,T³²,}c½c©
ê ?¯pOqep3zwOjegA½  ½sghj½'©As deVZpBjZGdekmzwO ¯wOfwO acbekmbpOWkf9dZGjeBwO ¯ycjegh¡yhpbekfh¥DpBjzZG  ´³§zGaczG mZ:³µxhVwBbZ:³§bexZzGk´Ëz
ycjeghb<©
Ä         sxhj-,3hº,<¾/12}T³ 33½ ,833c©
12/khjp<½'r2¯½VwOpBdekfbe3kµ½·]¬s½K[/ZGa9¸wO3VA½ °gs½Ítje mpwc½·]¬o½ ?Vnghjekpwc½  :©A]¬wOdeVZGY¢wOdekmzwO Y7p9yhZG 
pOzwOfzZGjJzVZGY7pBdeVZGjwOx9a© oZGjekmp3yckmzÀbzVZycgh mZbJpOpOxhVwBbZ:³§bexZzGk´Ëz¬zGa9dpBdp£3kmzÀwOZGfndwBycYkfhkmbedejwOdekmpBf
kfzGjZwBbkfh¢deVZbZG mZzGdek3kd§aJpO(deVZGjwOxna© 
Ä        :/-,:³ O~½ ,832}c©
13/khjp<½r W©hvtZbpBfwOfzZZ:¹KZzGd kf¨bZG ´1³µjZGfZG¦ kfh7dekmbbegZb©    :      ,83/-,}T³ c½ ,8332c©
-,*.° ´³ (wOjZGVA½ s·¶)½_3ZzpBYA½ UW¶)©"sÊY¢wOdeVZGY¢wOdekmzwO Y7p3yhZG  ¸pBj¢zGkmbexh LwOdekfÈzZG  gh LwOjxhVwOjeY¢wBzp9yca3fwOYkmzb©
 
 -
 
}hº¸¾/-,80,:³,803c½O~©
-,,  wOk9jZ½_½6?VwOfA½h½h_cwO kfwBb½hv½3¶pa3fwOjp¦#bBwc½h¶p<a9fwOjp<¦#be3kµ½]C©3,[/s&_9kfh mZ_9dejwOfyr¯jZwO3b wOfy
wOxpBxhdpbekmbkfycgzZynap£wO kxh LwOdekf¨kf¥zwOfzZGjtzZG  mb©,  8 
*Ã 
:  
 *   00/Ú}T³²3½c©
-, 'kmbedZGj½(Rv½To(wOfZGdedwc½>?/©ÍtxhdekY¢wO hzpBfndejpB wOxhxh kmZydp/zZG  ´³§zGa3zG mZ:³§bexZzGk´Ëz zwOfzZGj"zVZGY7pBdeVZGjwOx9a©   	 
  	 <    
Ä  0hº¾/-,}3T³,Bc½c©
-,8 gA½  ½o'ZG  kmzwOfph½5½  kgA½½5tgwOfh½o½  ZZ½? ?/©UWVZ*?kjzwByckLwOfu,ZGfZo'ZGjekmp9y¢o" LwacbtwOf §YxpBjedwOfnd
vtpB mZRkf¥UAghY7pBjR_9ghxhxhjZbbekmpBf¡wOfy¨/[/sÇRwOY¢wOZvZbexpBfbZ §f	/kph©   ,,,/ ~ ,:³²}c½c©
-,G~* gA½  ½  ZZ½? ?/©OUWVZ¯zGkjzwByckLwOfzG mp3z /KxwBzZGY¢wOZGj°wOfydeghY7pBghj'beghxhxhjZbbpBj©  
ÄD  8 / 	°pB µ©1/1},:³0,½c©
-,}u,jwOfywc½nUu½BßsWdedekfph½v ³§]C½'k kxbe9kµ½.«ZGd"wO µ© ?kjzwByckLwOf¢pBxhdekYkmb¿wOdekmpBf7pOkjekfpBdZzwOfwOfyp£wO kxh LwOdekf
Z:¤¢zwBzGaJkf¥YkmzZ¦ kdeV¬u/ LwBbep<¦ÇpbedZpbwOjzpBY¢wc©,  1Ä    
:  20/1333T³,}c½c©
-,80u,a9  mZGf9ZGje½]±½¶ZGhA½u,W©tghkmZbzZGfzZwBb,wOf¨Z:£cxh LwOfwOdekmpBf¬pO°pBYxZGjedeÆkLwOf¡deghY7pBjtjp¦ deVA©  4°Ä 
       Ä 
:, 	 :}/Ú}T³ c½=,8323c©
-,<u,a9  mZGf9ZGje½h]C½n¶ZGhA½u,W©3sÌfpBfh kfZwOj bedejegzGdeghjZyªxpBxhgh LwOdekmpBfY7p3yhZG pO·deghY7pBjWjp¦ deVJ¦ kdeVlnghkmZbÂ³
zZGfzZ©  
Ä    *  2/10D,:³ 03O~½,833c©
1ä6"
  Ä	
Ä
Ä
  cÄ ,83
-,82 5,wBbedekfhb½'] 5½KvtZyhyca½·s/r/½·]¬wa9¦¯p9p3yK½ ._©s{zG mp3z3¦pBje¦¯ZG=/zGkjzwByckLwOfCdekYkfh¥kfhjwOkf wOfyxZ:³
jekxhVZGjea½kfVZwO deV¬wOfyyckmbZwBbZ©  
Ä      >    stgh- ~º2¾/10O~<3T³ 00,½c©
-,83 ² kLwByckmb½cs½nr wOjepB mpbkµ½3©hÍtxhdekYkmbekfhycjeghjZGkY7ZGfbWkfJzwOfzZGjWzVZGY7pBdeVZGjwOxnaJ9awOfªZ:¤¢zwBzGa9³µdp£ckmzGkd§a
Y¢wOdeVZGY¢wOdekmzwO 'Y7p3yhZG µ©  :  cÄ            /Ú,,:³²0c½c©
Ú ² kLwByckmb½s½Kr wOjepB mpbekµ½·©·ÍtxhdekYkmbekfh¬ycjegh¥jZGkY7ZGfbkfzwOfzZGjzVZGY7pBdeVZGjwOxna /wJbekYgh LwOdekmpBfCbedegyca
gbkfhwo(/³§o° Y7p3yhZG µ©  :  cÄ     *      ,/-,}<³,<Bc½,©
Ú, (,kYY7ZG µ½ ]C½_9¦ kmZGjefhkLwO½Ws©°\/bekfhzpBf9dejpB deVZpBjeaÉdpÀY¢wOZ¨zwOfzZGjªzVZGY7pBdeVZGjwOx9a­ZGfZ:ËzGkLwO 1jpBY
xhVwBbZ¢yhZGxZGfyhZGfzZwOfyjZbkmbedwOfnddp¡ycjegh¥jZbekmbedwOfzZ©  < 
*   ::Ä     < Ä 
Ä  & 6   1Ä$
 *     * 
* 
: -
 
 :)  *
Ä 9Ä¸Ä  .  
      :  -
 
Ä 	Ä <  :GÄ
   G½Ac©
Ú*.yhZG mbedZGkfc³ (RZbeVZGd½  ©]ÀwOdeVZGY¢wOdekmzwO ]¬p9yhZG mbWkf¨r¯kmpB mpBa©[  /h]¡z<u/jw¦W³+5k  µ½ ,8322c©xA©,T³²Bc©
Ú  iG9kµ½ W½]¬ZGdeÆZGj½u½]¬wBbb¿wOjekµ½ ?/½]¡k LwOfph½Ku©Í£wO kxh LwOdekf=/Wo"VwOjeY¢wBzpB9kfZGdekmzbwOfy ?VhjpBfpBxhVwOjeY¢wT³
zpB mpBkmzwO 'stbxZzGdb©	   Ã D
: 
  % GÄ  2/-,:³²,½c©
ÚO~*  iG9kµ½ º.°yK©ê¾ ?WwOfzZGj ?VhjpBfpBdeVZGjwOxZGghdekmzb©    
*    A <: 
  4   Ä 
Ä:
*ApB µ© ,83c½
 ,½c©
Ú}stfyhZGjbZGf  (½]¬wBzZGa] ?/©vtZbpBfwOfzZ,kf¥xZGjekmp9yckmzzVZGY7pBdeVZGjwOxna /WwzwBbZbedegycaJpO"wBzGghdZYaZG mpBZ:³
fpBgb mZGghZGYkLwc©    :    *  ]¬wOjt Ú3hº,<¾/-,,8T³ c½,©
Ú0]ÀwOdbegph½'UR½ wOY¢wOgzVhkµ½_½K]¡kdbeghkµ½'_½ ."Ykµ½s½·_9VhkY7p3ywc½ W½ÍtwOYghjwc½15© ?¯pBf9dejpB ]¬ZzVwOfhkmbeY pO
deVZ ?kjzwByckLwOf ? mp3zªDpBj#UWkYkfhpO ?¯ZG  ·/k3kmbekmpBfkf 	/kph©_3zGkmZGfzZÍ/zGd ,"1hº¸}0O~<¾/Ú}}T³ 3c½Kc©
Ú]¬z (RZwOZ½h] ?/½5/begA½9UR½ 5,wByhywByK½hu½9r wOgh mZGa½cr ?/©9[tgzG mZpB LwOj ywOY¢wOZ/zpBjejZG LwOdZb¯¦ kdeVJfZGghjpBdp£ckmzGkd§a
kfycgzZy¨naJyck´¹ZycjZGf9dxh LwOdekf9ghY ycjeghb©,     
:  2}hº2¾/-,,83T³,}c½,©
Ú2]¡kmbeVhkY¢wc½h]C½_cwOYkYkµ½u½"(pBfyhph½s½  kfA½½)5/p¦ZG  µ½_3r/©cUWVZ,zZG  gh LwOj xhVwOjeY¢wBzpB mpBapOp£wO kxh LwOdekf
jZbkmbedwOfzZ©  D   
:  gh  12hº,¾/-,G~n}T³,c½Kc©
Ú3o'pBdedZGfA½=? _½  p3Z¢ZGj½]±©_9dZGY zZG  mb8/WwOdedejekhghdZb½zGa3zG mZb½bexhkjwO mb½xhkdÂ¸wO  mb,wOfy¥ghfzZGjedwOkf9dekmZb©  ZbbpBfb
¸pBjtwOfyªDjpBY deVZRzGjea3xhd©   -   Ä ,,/ ,,:³,c½ ,833c©
1_3zVhkh mZGj½\© ?kjzwByckLwOf®jeVna3deVhY7b©  kZGjjZGZGfZGjwOdekmpBfÌzG mp3zcbpBfA©    JÍ/zGd ,"1hº¸}0O~<¾/ÚO~B³²}c½
c©
1,_9¦WwOfA½cu©vpB mZ#pOKpBxhdekY¢wO zpBfndejpB deVZpBjeakf¢zwOfzZGjzVZGY7pBdeVZGjwOx9a© 
Ä         ,,/Ú<³²2O~½,833c©
1¶ZGhA½°u,W©AvtZbpBfwOfzZxhVZGfpBY7ZGfw¨kf«zZG  °xpBxhgh LwOdekmpBf±zVZGY7pBdeVZGjwOxna«Y7p3yhZG mb©  8  :DÄ 
:   
Ä  hº1~9¾/-,,83}T³,,80c½,833c©
 ×EhòGóGñ
   
 <B
:Ä	-
:


:´Ä%
12
15
18
21
24
27
30
33
36
39
42
45
48
51
54
57
60
T
im
e 
(h
ou
rs
)
024681012
Infusion rate (µg/h)
0.
4
0.
5
0.
6
'kghjZ ,/WÍtfZ¦¯ZZGJZGjwByckmzwOdekmpBf¬dejZwOdeY7ZGfnd/¦ kdeV ,©Ú},}c©Ú}¢ywacbzGaczG mZ/pBxhdekYkmbZy¨kfc1gbkmpBf !p¦#b#DpBj
τA =
0.4
½
0.5
wOfy
0.6
©
1ä6"
  Ä	
Ä
Ä
  cÄ ,
0
1
2
3
4
5
6
7
8
T
im
e 
(d
ay
s)
3e
+
05
4e
+
05
5e
+
05
6e
+
05
7e
+
05
8e
+
05
9e
+
05
1e
+
06
Villi population
0.
4
0.
5
0.
6
'kghjZ/#ÍtfZ¦¯ZZG¡ZGjwByckmzwOdekmpBfÀdejZwOdeY7ZGfnd,¦ kdeV ,©Ú},}c©Ú}¢ywa3b,zGaczG mZ/W9k  kxpBxhgh LwOdekmpBf¬¸pBj
τA = 0.4
½
0.5wOfy
0.6
©
 ×EhòGóGñ
   
 <B
:Ä	-
:


:´Ä%
0
1
2
3
4
5
6
7
8
T
im
e 
(d
ay
s)
0
2e
+
05
4e
+
05
6e
+
05
8e
+
05
1e
+
06
1.
2e
+
06
Tumour population
0.
4
0.
5
0.
6
'kghjZ /ÍtfZ°¦¯ZZGZGjwByckmzwOdekmpBfdejZwOdeY7ZGf9d'¦ kdeV ,©Ú},}c©Ú}#ywa3b'zGa3zG mZ/AdeghY7pBghj'zZG  9xpBxhgh LwOdekmpBfDpBj
τA = 0.4
½
0.5
wOfy
0.6
©
1ä6"
  Ä	
Ä
Ä
  cÄ 
0
3
6
9
12
15
18
21
24
27
30
33
T
im
e 
(d
ay
s)
01234567
Infusion rate (µg/h)
'kghjZ~ /'kZ¢¦ZZGcbzpBf9dwOkfhY7ZGfnddejZwOdeY7ZGfnd¦ kdeVÉ,}¥ywa3bzGa3zG mZ/pBxhdekYkmbZyCycjegh¬kfc1gbekmpBf !p¦{DpBj
τA = 0.5
©
 ×EhòGóGñ
O~   
 <B
:Ä	-
:


:´Ä%
12
15
18
21
24
27
30
33
36
39
42
45
48
51
54
57
60
T
im
e 
(h
ou
rs
)
01234567
Infusion rate (µg/h)
S
ec
on
d 
w
ee
k
T
hi
rd
 w
ee
k
F
ou
rt
h 
w
ee
k
'kghjZ¢}/,'kZ¦ZZGcbzpBfndwOkfhY7ZGf9ddejZwOdeY7ZGf9d¦ kdeV«,}Jywa3bzGaczG mZ/RpBxhdekYkmbZyycjegh¥kfcDgbekmpBf !p<¦#b,DpBj
τA = 0.5
½wBzzpBjyckfh¢dpdeVZR¦¯ZZGpO'dejZwOdeY7ZGf9d©
1ä6"
  Ä	
Ä
Ä
  cÄ }
0
3
6
9
12
15
18
21
24
27
30
33
T
im
e 
(d
ay
s)
0
2e
+
05
4e
+
05
6e
+
05
8e
+
05
1e
+
06
1.
2e
+
06
Number of cells
V
ill
i p
op
ul
at
io
n
T
um
ou
r 
po
pu
la
tio
n
'kghjZ0/-'kZR¦ZZGcbzpBf9dwOkfhY7ZGfnd/dejZwOdeY7ZGfndt¦ kdeV¡,}ywacb#zGaczG mZ/°zZG  AxpBxhgh LwOdekmpBfb ¸pBj
τA = 0.5
©
 ×EhòGóGñ
Unité de recherche INRIA Rocquencourt
Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Sophia Antipolis : 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)  	


  
ISSN 0249-6399
